By interpreting the subscripts modulo Nl, N2, etc. and requiring the data to represent equispaced points, we can easily prove the usual properties about linearity, orthogonality, inverse transform and relationship to convolution.
See Gentleman and Sande {[3], 1966).
There is no limit on the dimensionality (number of subscripts) of the data array. A three-dimensional transform can be performed as easily as a onedimensional transform, though in a proportionately greater time. An inverse transform can be performed, in which the sign in the exponentials is +, instead of -. If an inverse transform is performed upon an array of transformed data, the original data will reappear multiplied by N1*N2*... .
The length of each dimension may be any integer, and as large as storage will permit. However, the program runs faster on composite integers than on primes, and is particularly fast on numbers rich in factors of two. For example, on the CDC 3300, the following timings for a one-dimensional transform have been calculated from the timing formula: The listings of three programs are given in the appendices. F0UR1 is a subset of F0UR2, which in turn is a subset of FOURT. FOURT is the most general, accepting multidimensional arrays of any size. F0UR2 is the same speed as FOURT but accepts only complex multidimensional arrays whose dimensions are powers of two. F0UR1 is much slower than FOURT or F0UR2, and performs only one-dimensional transforms on complex arrays whose lengths are powers of two.
F0UR1 is intended mainly for pedagogical purposes; it is half a page of Fortran, the others being much longer. Such a reduction in computation can be found for any length which is a composite integer. The algebraic proof may be found in the appendix. Also, the various techniques for performing multidimensional transforms, real transforms, etc. are discussed there.
Special Cautions and Features
The finite discrete Fourier transform places three restrictions upon the data:
1. The data must form one cycle of a periodic function. Alternately stated, the subscripts are interpreted modulo N.
2. The number of input data and the number of transform values must be the same.
3. The data must be equispaced in each dimension (though, of course, the interval need not be the same for each dimension). Further, if in any dimension the input data are spaced at interval dt, the resulting transform values will be spaced from 0 to 2rt(N-l)/(Ndt) at interval 2rt/(Ndt) as I runs from 1 to N. By periodicity, the upper limit is identified with -2jt/(Ndt) and in fact all points above the "foldover frequency" rt/(Ndt) are to be identified with the corresponding negative frequency.
Those familiar with other implementations of the fast Fourier transform may be aware that the order of the data is scrambled in the course of execution.
Unscrambling is performed automatically, however, and both the input and output values are placed in ordinary sequential arrangement.
Timing
Let N n be the total number of points in the data array. That is, The above timing formula is accurate for complex data.
The use of real data (IF0RM = 0) can reduce running time by as much as forty percent. On the CDC 3300, a 6k x 6k complex array was transformed in 6 .1 seconds; a 6k X 6k real array took k.2 seconds. A complex array 1500 long took 6.1 seconds, while a real 1500 array ran only 3»^ seconds.
Accuracy
The simplistic idea about accuracy is apparently correct: because the fast Fourier transform takes fewer steps in execution, less error creeps in. 
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ABSTRACT
Three programs are described and listed, all written in USASI Basic Fortran, which perform the discrete Fourier transform upon a multidimensional array of floating point data. The data may be either real or complex, with a savings in running time for real over complex. The transform values are always complex and are returned in the array used to carry the original data. The running time is much shorter than that of any program performing a direct summation, even when sine and cosine values are precalculated and stored in a table. For example, on a CDC 3300 with floating point add time of six microseconds, a complex array of size 80 x 80 can be transformed in 19. 2 seconds. Besides the main array, only a working storage array of size 160 need be supplied.
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